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Constrained Stochastic Optimization

min () = E[F(x,€)] (F R 5 R)
sit. ce(x)=0 (ce : R" — R™E)
CI(X) <0 (C/ ZR”—)Rm/)

where F : R" x Q — R, £ has a probability space (£, F, P), E[-] with
respect to P
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(a) Optimal Power Flow (b) Machine Learning (c) Logistics
Adobe Stock Tom Taulli, Forbes 2019 Adobe Stock
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Empirical Risk Minimization

min fs(x Z F(x,&)
xEeR" IES
st. ¢(x)=0

where § = {&1,&, ... } are a set of i.i.d observations.

Deterministic Methods [Nocedal and Wright 1999]
1. Penalty Methods
2. Projection Methods
3. Sequential Quadratic Programming
4. Interior Point Methods
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Stochastic Optimization
min f(x) = E[F(x,&)]
st. ¢(x)=0

where § = {£1,&2, ... } are a set of i.i.d observations.

Stochastic Methods
1. Penalty Methods
Ravi et al. 2019; Nandwani, Pathak, and Singla 2019, ...
2. Projection Methods
Lan 2020; Ghadimi, Lan, and Zhang 2016, ...
3. Sequential Quadratic Programming (SQP)
Berahas, et al., 2021; Berahas, et al., 2022; Na, et al, 2023; O'Neill, Michael J., 2024; ...

4. Interior Point Methods

Curtis, et al., 2023; Curtis, et al., 2024
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Key Takeaways

1. We introduce a Retrospective Approximation framework for
efficient stochastic constrained optimization.

2. The framework leverages deterministic SQP solvers to solve
stochastic problems.

- Eliminates need to tune parameters for step size and merit
parameter.

3. The framework achieves:

3.1 Optimal Sample Gradient Complexity - O(e~*)
3.2 Optimal Linear System Solve Complexity - O(e~2)
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Constrained Optimization

i, #09)
st. ¢(x)=0
Let L(x,A) € R” x R™ — R denote the Lagrangian of the problem:
L(x,\) = f(x) + c(x)"A

where x € R" is the primal and A € R™ is the dual variable
Necessary conditions at any local solution

Vil(x,A) = VF(x) + Ve(x)TA =0
c(x)=0
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Sequential Quadratic Programming (SQP)

aip, f9

st. ¢(x)=0
Interpretation: @ x,

min f(xx) + Vf(xk)"d + 3d7 Hyd
deRn

s.t. C(Xk) + VC(Xk)Td =0
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Sequential Quadratic Programming (SQP)

in f
i, 700

st. ¢(x)=0
Interpretation: @ x,

in f f(x)"d+3dTH,
min, (xk) + VFf(xe)' d+5d" Hed

s.t. C(Xk) + VC(Xk)Td =0

Step computation “Newton-SQP system":
» Vc(xk)' has linearly independent rows (LICQ)
> Hy is positive definite over Null (Vc(xi)T)

s 0| ) = [ |
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Sequential Quadratic Programming (SQP)

e 1

st. ¢(x)=0
Interpretation: @ xi
min £(x0) + Vi(xk)"d + 2d" Hid
E n
s.t. C(Xk) + VC(Xk)Td =0
Step computation “Newton-SQP system":

wdor "] 5

Update merit parameter: 7, > 0 to ensure ¢'(xx, 7x, dx) < 0
DXk Tk) = Trf (x) + [[e(x)[l1
¢,(Xka Tk, d) - Tka(X)Td - ||C(X)||1
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Sequential Quadratic Programming (SQP)

e 1

st. ¢(x)=0
Interpretation: @ x,

min f(xx) + Vf(xk)"d + 3d7 Hyd
deRn

s.t. C(Xk) + VC(Xk)Td =0

Step computation “Newton-SQP system":

v s v R

Update merit parameter: 7, > 0 to ensure ¢'(xk, 7x, dx) < 0
Update iterate (Line Search): x,1 < xx + axdx

7123
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Stochastic SQP
min f(x) = E[F(x, &)]
st. ¢(x)=0

Interpretation: @ x,

min f(x¢) + VF(x) " d + 3d" Hed
deR”

s.t. c(xk) + VC(Xk)TJ =0
Step computation “Newton-SQP system":

setar 0| [ =[]

Update merit parameter: 7 > 0 to ensure ¢/(x, 7%, dx) < 0
Update iterate: x, 1 < xx + Gxdk
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Stochastic SQP

min £(x) = E[F(x&)]

st. ¢(x)=0
Require additional control over the stochastic parameters.

Theorem (Informal)
If {7« } remains eventually fixed at a sufficiently small T, and the
step size & = O(Sk)

Be=08=0(1): E[VLOwx )3+ lc(x)l2] < O(M)

B=0 () minf B [IVL0w AIB + ()] =0

[Berahas et al. 2021]
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Retrospective Approximation
Newton 2023; Chen and Schmeiser 2001; Jalilzadeh and Shanbhag 2016; Deng and Ferris
2009; Pasupathy 2010; Royset 2013, ...
1. OQuter Iteration k € N
Construct sub-sampled problem

min £, (x EZS F(x.&)
st. ¢(x)=0

where S, C S
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Retrospective Approximation
Newton 2023; Chen and Schmeiser 2001; Jalilzadeh and Shanbhag 2016; Deng and Ferris
2009; Pasupathy 2010; Royset 2013, ...

1. Outer Iteration k € N
Construct sub-sampled problem

min £, (x EZS F(x.&)
st. ¢(x)=0

where S, C S

2. Inner Iterations
Solve the sub-sampled problem to an accuracy
- NOT to Optimality
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Retrospective Approximation

Algorithm Retrospective Approximation Framework
Input : xo, {Sk}, {7s, }
1: fork=1,23,...do
2: Obtain batch Sk = {£1,82, ..., s, |}
3: Construct sub-sampled problem

4: Solve initialized at x,_; until 7s, is satisfied for x;
s: end for
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Retrospective Approximation

Algorithm Retrospective Approximation Framework

Input: xo, {Sk}, {75, }
1: fork=1,2,3,...do
2: Obtain batch Sk = {£1,82, ..., s, |}
3: Construct sub-sampled problem

4: Solve initialized at x,_; until 7s, is satisfied for x;
s: end for

Questions to be addressed:
» Deterministic Solver
» Termination Criterion sequence {7s, }
» Sample Batch sequence {5}
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Deterministic Solver - Line Search SQP

m}Rp fs (x) = Z F(x,&)
x€ IESk

st. ¢(x)=0

Algorithm Line Search-SQP Nocedal and Wright 1999

Input: xg, 71 > 0
1: for k=10,1,2,...do
2 Compute Newton step d
3: Update merit parameter: 7, > 0 to ensure ¢'(xk, 7k, dx) < 0
4 Line Search: find oy such that xx11 < xx + axdy yields

(X + axdi, k) < d(xk, Tk) — nakAg(xx, Tk, VE(x), Hi, d)

5: Update iterate : xx11 < Xk + axdk
6: end for

11/23



The University of Texas at Austin

Cockrell School of Engineering

Retrospective Approximation - SQP

> lIterates {xij}, { A}

» N iterations performed on sub-sampled problem Sy
> Lagrangian Hessian Approximations {Hy j}

» Search direction {dy ;}
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Retrospective Approximation - SQP

Algorithm RA-SQP
Input : xo0, {Sk}, {vk}, {ex}
1: fork=1,2,3,...do
2:  Construct sub-sampled constraint problem fs, (x)
3: Solve fs, (x) using line search SQP

> Initialized at xx o and 7_;
» Terminate at N, if

‘ VLs, (Xk, Ny Ak N )

C(XkJVk)
4 Xk+1,0 = Xk, Ny
s: end for

VLs, (Xk,0, Ak,0)
c(xk,0)

HSW

H—I—Ek
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Termination Criterion

The termination criterion for v < 1

|75 o) ™

is satisfied when the following conditions are satisfied:

H+e

» Step norm condition with sufficiently small v4 and eq.
djll < ~valldol| + €4
» Merit function model condition with sufficiently small 4 and €.

Aq(x;, d;, Hj, Vis(x;), 75)
< v9Aq(x0, do, Ho, Vfs(xo), T0) + €q
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Convergence Analysis

[VF(x)—Vis(x)ll,

We define the error metric Gs = maxyey NGB

u>0and as {|Sk|} — oo, E[GZ] — 0.

] where
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Convergence Analysis

[VF(x)—Vis(x)ll,

We define the error metric Gs = maxyey {W] where
u>0and as {|Sk|} — oo, E[GZ] — 0.

Theorem (Convergence)

Under reasonable assumptions, when {|Sk|} — oo, if
> Ele] = 0and {w} <v<1,
> E[|Hk+10 — Him 3] = 0

then,

[H VL( Xk Nk,/\k Ny )
c(xu,n, )

]—>O.
2
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Convergence Analysis

Theorem (Hessian Approximation)

The Hessian approximation condition, i.e., E[||Hk+1.0 — Hkn, |I?] — O,
is satisfied when employing:
1. A constant Hessian, i.e. {Hy j} = In.
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Convergence Analysis

Theorem (Hessian Approximation)

The Hessian approximation condition, i.e., E[||Hk+1.0 — Hkn, |I?] — O,
is satisfied when employing:
1. A constant Hessian, i.e. {Hy j} = In.

2. A deterministic BFGS or LBFGS approximation that is carried over
to the next outer iteration, i.e. Hy10 = Hi n,.
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Convergence Analysis

Theorem (Hessian Approximation)

The Hessian approximation condition, i.e., E[||Hk+1.0 — Hkn, ||?] — O,
is satisfied when employing:

1. A constant Hessian, i.e. {Hy j} = In.

2. Adeterministic BFGS or LBFGS approximation that is carried over
to the next outer iteration, i.e. Hy110 = Hy p,.

3. Adeterministic subsampled Hessian, i.e.
Hyj = szsk(ka) + Z[AkJ_l];Vzc;(xk,j), j>0

i=1

Hit1.0 = Vs s (%kr10) + D [Nen—11i V26 (Xie1,0)
i-1

under reasonable assumptions on the subsampled Hessian.
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Complexity Analysis

Condition (Batch Size)
At each iteration k, Sy is selected such that,

V L(Xk, N s Ak, )

E[[Vfs s (ien) = VECam ) < 6 H c(xk,n,)

H+aﬂk.

where 5 € (0, 1).

» a =0, norm condition for constrained optimization
» 0 =0, geometric increase in batch size
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Complexity Analysis
Condition (Batch Size)

At each iteration k, Sy is selected such that,

V L(Xk,Ng > Ak, Ny ) P
B[ Vs, , (iom) — VF(xiom,)l] S"H cban) || T

where 3 € (0, 1).

Assumption (CLT scaling)

The stochastic gradient error Gs satisfies CLT scaling, i.e.,
2

E[G2] < |0?| ,where o < co.

Thus if x and S are independent, )

M
E[||Vfs(x) — VF(x)|]?|x] < 6l ,where M < co.

J15/23
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Complexity Analysis

Under the stated assumptions, if €, = \/% where 0 < § < oo, v =0,
k

A=0+ (u+rg)oandd <M

il oy |
Xk Nk

o))

If0 < a < oo, the work complexity for:

A . 2a60A?
\/‘50| M|/8M_9A|

1. The number of linear system solves is O (¢2)
2. The number of sample gradients is O (¢~*)
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Complexity of Stochastic SQP methods

SQP Methods

Linear Solves

Sample Gradients

Deterministic O(e2) -
Stochastic O(e™*) O(e™*)
Adaptive Sampling O(e?) O(e 2 ), v > 1

Retrospective Approximation

O(e2)

O(e™)
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Numerical Experiments

» Termination Criterion
- e =0andy =7~
- Merit function model condition, v = 0.1
- Step size norm condition, y = 0.5

» Batch Size Conditions
- Geometric Batch Size
ISk| = [Solwk, w>1
- Norm Test Condition
Var(Vng(thk))

OAqG(xk, N, > 85, (XK, )5 dics Hi Ny s Terials Chn)

|Sky1| >

where |S| = |S«| and are independent samples.
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Logistic Regression

1
F =) log(1 Vi Qix
min F(x) _Z;og( +e )
1=
s.t. Ax = by,
IX[I3 = b2,

with a9a dataset.
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Logistic Regression
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Figure: Comparison of SQP methods
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Logistic Regression
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Logistic Regression
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Figure: LBFGS and Inexact SQP system in RA
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CUTEst

min F(x) = f(x) + &[|x — xo — 1|)°

xERnN
s.t. ¢(x) =0,
where ¢ ~ U[—1, 1]. [Gratton and Toint 2024]
» Creates adversarial noise in the objective function.
» Requires sharp increases in batch sizes.
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CUTEst
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Figure: Comparison of SQP methods - BT6
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Final Remarks

1. We introduce Retrospective Approximation Framework for
efficient stochastic constrained optimization

2. The framework can achieve optimal complexity for linear
system solves and sample gradients.

3. The framework allows utilizing advanced techniques from
deterministic solvers to improve the performance of
stochastic solvers.

Ongoing Work
1. Extending the framework to solve general non-linear
inequality constraints.
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Questions?
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Backup Slides
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Algorithm Line Search-SQP Nocedal and Wright 1999
Input: xg, 71 > 0
1: fork=10,1,2,...do
2 Compute Newton step d

¢(x,7) = 7f(x) + [[e(x)]h
¢'(x,7,d) = 7VF(x)"d ~ [[c(x)]

3: Update merit parameter: 7, > 0 to ensure ¢'(x, 7¢, dx) < 0
4: Line Search: find «ay such that xx 1 < xx + axdy yields

P(xk + akdi, Tk) < (xk, k) + 2o (x, Tk, di)

5. end for
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