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Constrained Stochastic Optimization

min F(x) = B[F(x.€)]

s.t. ce(x) =0
C[(X) < 0

» f:R"” — R is a smooth function
» cg:R” — R™E are general nonlinear equality constraints

» ¢, :R" — R™ are general nonlinear inequality constraints
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Constrained Optimization

» Implicit Methods: Penalty Methods, Projection Methods, ... J
min f(x)
xek | Unconstrained| | Local | Search
s.t. ce(x) =0 "|  Surrogate | Model "| Direction
a(x) <0
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Constrained Optimization

» Implicit Methods: Penalty Methods, Projection Methods, ... J
min f(x)
xek | Unconstrained| | Local | Search
s.t. ce(x) =0 "|  Surrogate | Model "| Direction
a(x) <0

Penalty Methods: rr€1]i1£1" F(x)+ pllce(¥)|I> + p H[c,(x)]JrH2

Proximal Methods: rrem]iRnn F(X) + Zep(x)=0] (X)
x [C,(x)§0}
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Constrained Optimization

» Implicit Methods: Penalty Methods, Projection Methods, . ..
> Explicit Methods: SQP Methods, Interior Point Methods, ...

Unconstrained Local Search
> —]
Surrogate Model Direction

min f(x) L7

Xx€ERN

St CE(X) =0 [~ " T

C/(X) <0 \
Constrained Local | Search
Model " | Direction
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Sequential Quadratic Programming

At iterate xx:
1. Build local constrained model at x:
.1 o7 T
dinellg” 2dk dek + dk Vf(Xk)
s.t. CE(Xk) + VCE(Xk)Tdk =0
C/(Xk) + VC/(Xk)Tdk <0
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Sequential Quadratic Programming

At iterate xx:

1. Build local constrained model at x:

min %d[dek + d{ VF(x)

dpe
s.t. CE(Xk) + VCE(Xk)TC/k =0
C/(Xk) + VC/(Xk)Tdk <0

2. Update the merit parameter 7 in merit function ¢(x, ) based on dx

¢(x,7) = 7f(x) + norm ([ccfix)l))

3. Find step size oy to update iterate: xx+1 = xk + axdk
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Stochastic Sequential Quadratic Programming

At iterate xx:
1. Build local constrained model at x:
.1 o7 T
—dy Hedk + d
dTelnrz?n2 k Mkdi + di gk
s.t. CE(Xk) + VCE(Xk)TC/k =0
C/(Xk) + VC/(Xk)Tdk <0

2. Update the merit parameter 7 in merit function ¢(x, ) based on dx

3. Find step size ay to update iterate: xx11 = xk + cuidi
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Stochastic Sequential Quadratic Programming

At iterate xx:
1. Build local constrained model at x:
.1 o7 T
—dy Hedk + d
drkﬂel]]fgn2 k Mkdi + di gk
s.t. CE(Xk) + VCE(Xk)TC/k =0
C/(Xk) + VC/(Xk)Tdk <0

2. Update the merit parameter 7, in merit function ¢(x, ) based on dj

3. Find step size « to update iterate: xxi1 = xk + idk

» Major redesign of algorithm components
Berahas, Curtis, et al. 2021; Berahas, Bollapragada, et al. 2022; Na et al. 2023; O’Neill 2024, ...

» Conservative updates to safeguard against noise

> Slower convergence
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Retrospective Approximation

Idea: Decouple the uncertainty from the optimization
Chen et al. 2001; Deng et al. 2009; Royset 2013; Jalilzadeh et al. 2016; Newton et al. 2024, ... J
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Retrospective Approximation

Idea: Decouple the uncertainty from the optimization
Chen et al. 2001; Deng et al. 2009; Royset 2013; Jalilzadeh et al. 2016; Newton et al. 2024, ... J

In iteration k:
1. Build a subsampled problem using sample set Si:
min Fs, (x) = Z F(x,€)
EESk
s.t. ce(x) =0
C[(X) S 0
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In iteration k:
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2. Solve the subsampled problem up to a certain accuracy
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Retrospective Approximation

Idea: Decouple the uncertainty from the optimization
Chen et al. 2001; Deng et al. 2009; Royset 2013; Jalilzadeh et al. 2016; Newton et al. 2024, ... J

In iteration k:
1. Build a subsampled problem using sample set Si:
min Fs, (x) = Z F(x,€)
&ESk
s.t. ce(x) =0
a(x) <0
2. Solve the subsampled problem up to a certain accuracy

— Can be achieved using deterministic methods
— Requires control over the samples
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Contributions

min £(x) = E[F(x,£)

s.t.ce(x) =0
a(x) <0

1. Proposed a framework for equality constrained stochastic optimization
problems that can use any deterministic solver

— Proposed an instance with deterministic SQP solver
— Established optimal theoretical complexity results

2. Proposed an algorithm for stochastic problems with general nonlinear
constraints that uses the deterministic Robust SQP method

3. lllustrated benefits of the approach with numerical experiments
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Retrospective Approximation

Algorithm Retrospective Approximation Constrained Optimization

Inputs: Initial iterate xg o, batch sizes {|Sk|}, termination tests {7 }.
1: for k=10,1,2,... do

2: Construct the subsampled problem: min,cgn Fs, (x) s.t. ce(x) = 0,¢/(x) <0
3: forj=0,1,2, .., do

4: if Ty is satisfied; Ny = j, break

5: Update X j11

6: end for

7: Set Xk+1,0 = Xk, N,

8: end for
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Retrospective Approximation

Algorithm Retrospective Approximation Constrained Optimization

Inputs: Initial iterate xg o, batch sizes {|Sk|}, termination tests {7 }.
1: for k=10,1,2,... do

2: Construct the subsampled problem: min,cgn Fs, (x) s.t. ce(x) = 0,¢/(x) <0
3: forj=0,1,2, .., do

4: if Ty is satisfied; Ny = j, break

5: Update X j11

6: end for

7: Set Xk+1,0 = Xk, N,

8: end for

Questions to be addressed:
» Batch Size sequence {|Sk|}
» Termination Criterion sequence {7}

» Deterministic Solver

Shagun Gupta 9/34



Equality Constrained Problems

Equality Constrained Optimization

in f
Xn€1]I]§" (X)

s.t.c(x)=0

> c:R" — R" is continuously differentiable, with m < n
> L(x,\) = f(x) + AT c(x) where A € R™
> x™* is a stationary point if there exist \* such that,
Lagrangian Gradient: V,L(x",\*) = VF(x") + Vc(x")A\" =0
Feasible: ¢(x*)=0

With sample set S:
Subsampled Problem: rgler)’ Fs(x) s.t. c¢(x)=0

Subsampled Lagrangian: Ls(x,A) = Fs(x) + A" ¢(x)
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Equality Constrained Problems

Analysis Equality Constrained Problems

Assumptions
Let x be an open convex set containing all iterates

1. Linear Independence Constraint Qualification (LICQ)
rank(Ve(x)") =m Vx€Ex

2. |[VF(x)|| < kg Vx € x

3. For any sample set S,

IVF(x) = VFs(x)|
G =
T G IV

where e > 0. As |S| — oo, E [GZ] — 0.
Pasupathy 2010; Newton et al. 2024
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Equality Constrained Problems

Termination Criterion Equality Constrained

In outer iteration k > 0, the inner loop is terminated when,

ViLs (Xej, M) || <
(k) -

V«Ls, (Xk,0, Ak,0)
C(Xk,o)

Te :

oo

where v, € [0,1) and ¢, > 0.
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Equality Constrained Problems

Termination Criterion Equality Constrained

In outer iteration k > 0, the inner loop is terminated when,

ViLs (X, Aei) || <
(k1) -

V«Ls, (Xk,0, Ak,0)
C(Xk,o)

Te :

oo

where v, € [0,1) and ¢, > 0.

» Measures progress on the determinstic subsampled problem using KKT error
» Invariant of the chosen deterministic solver

» Requires dual variable estimate for the subsampled problem

Aej = —(Ve(x,) TV e(x)) T V(i) VFs, (%))
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Equality Constrained Problems

Termination Criterion Equality Constrained

In outer iteration k > 0, the inner loop is terminated when,

ViLs, (X, i) || < ’
c(xus) -

where v, € [0,1) and ¢, > 0.

V«Ls, (Xk,0, Ak,0)
C(Xk,o)

Te :

oo

» Measures progress on the determinstic subsampled problem using KKT error
» Invariant of the chosen deterministic solver

» Requires dual variable estimate for the subsampled problem

Aej = —(Ve(x,) TV e(x)) T V(i) VFs, (%))

Theorem (Informal)

Under the stated assumptions, if E[ex] — 0, {v} <~ <1, {|Sk|} = oo, and the
inner loop terminates finitely, then,

[ -

Xk,Nk
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Equality Constrained Problems

Equality Constrained Framework Sampling

Adaptive Sampling Condition
In outer iteration k > 0, the sample set Sy is chosen such that,

VXL:(X,(,07 )\k—l,Nk_l)

E [V Fs, (x60) = VF(xk.0) ko] < 62 e

2
H +32ﬂ2k,

where 6§ € [0,1), 8 €[0,1) and a > 0.
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Equality Constrained Problems

Equality Constrained Framework Sampling

Adaptive Sampling Condition
In outer iteration k > 0, the sample set Sy is chosen such that,

VXL:(X,(,07 Ak—l,’Vk_l)

E [V Fs, (xk.0) — VF(xk0) I [xe,0] < 67 ¢(%0)

2
H +32ﬂ2k,

where 6§ € [0,1), 8 €[0,1) and a > 0.

» Only tested at the start of outer iterations

» Invariant of the deterministic solver employed

> Requires true problem estimates (approximated in practice)

» When 6 = 0, can be satisfied using a geometric sequence, i.e.,

S
(Sere = ['5—”]
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Equality Constrained Problems

Sequential Quadratic Programming - Equality Constrained

;2%[{'" Fs,(x) s.t.c(x)=0

At Xk,j and )\k,jl
1. Build local constrained model at xy j:
min 1a/[-iL/k,-a/k,- + d{;VFs, (x)
oy jERN 2 STk, Uk, b Kk \ 7K,

s.t. C(Xk,j) + VC(Xk,j)Tdej =0

Shagun Gupta 14/34



Equality Constrained Problems

Sequential Quadratic Programming - Equality Constrained

;’2%@1 Fs,(x) s.t.c(x)=0

At Xk,j and )\k,ji
1. Build local constrained model at xy j:
min 1a/[-iL/kja/k,- + d{;VFs, (x)
oy jERN 2 STk, Uk, b Kk \ 7k,

s.t. C(Xk,j) + VC(Xk,j)Tdej =0

Step computation “Newton-SQP system’:

— Vc(xk;)" has linearly independent rows (LICQ)
— Hyj is positive definite over Null (Ve(xi;)")

Hii Jij] [ded] = _ [VxLse (ks Axs)
Jk,j 0 5;(,] C(Xk,j)
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Equality Constrained Problems

Sequential Quadratic Programming - Equality Constrained

;’2%@1 Fs,(x) s.t.c(x)=0

At Xk,j and )\k,ji

1. Build local constrained model at xy j:

Hej  Jij) [dei] — _ [VLs, (i M)
Jkyj 0 (51(,1' C(Xk’j)

2. Update the merit parameter 7% ; in merit function ¢s, (x, 7) such that
Als, (Xk,j, Th,j> dij) >> 0 to ensure s, (xc,j, Tk, di,j) << 0

b5 (%, 7) = 7Fs,(x) + le(x)llx

Dls, (X j, Tiojs i) = =T iV Fs, (%) dioj + lcijlls < — s, (Xkj» T dicy)
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Equality Constrained Problems

Sequential Quadratic Programming - Equality Constrained

;’2%@1 Fs,(x) s.t.c(x)=0

At Xk,j and )\k,ji

1. Build local constrained model at xy j:

Hej  Jij) [dei] — _ [VLs, (i M)
Jkyj 0 (51(,1' C(Xk’j)

2. Update the merit parameter 74 ; in merit function ¢s, (x, 7)

3. Find step size ay,; that satisfies the Armijo condition
b5, (X, + ki j, T j) < by (X jis Thoj) — N0tk jAls (Xk,js Thojy dicj)

4. Update iterates: (Xk,j+1, >\k,j+1) S (Xk,j, )\k,j) + ak,j(dk,j, 5;(,1')
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Equality Constrained Problems

Sequential Quadratic Programming - Equality Constrained

;2%[{'" Fs,(x) s.t.c(x)=0

At Xk,j and )\k,jl

1. Build local constrained model at xy j:

. T . . )
[':I:jf Jgd] {(;:ﬂ = — {VXE‘Z((;::JJ)’ )\k’f)} } Quasi Newton Approximation

2. Update the merit parameter 74 ; in merit function ¢s, (x, )
3. Find step size ay,j that satisfies the Armijo condition

4. Update iterates: (Xk,j+1, )\k,j+1) = (Xk,j, )\k,j) + Ozk,j(dk,j, 5;(,1')
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Equality Constrained Problems

Sequential Quadratic Programming - Equality Constrained

;2%[{'" Fs,(x) s.t.c(x)=0

At Xk,j and )\k,jl

1. Build local constrained model at xy j:

. T . . . .
[Hku Jk,J] {d“’l} = — {Vxﬁsk (Xk’“)\k’])} + ['0”} } Inexact Solutions

Jk,j 0 5k,j C(Xk,_,') rk,j

2. Update the merit parameter 74 ; in merit function ¢s, (x, )
3. Find step size ay,j that satisfies the Armijo condition

4. Update iterates: (Xk,j+1, )\k,j+1) = (Xk,j, )\k,j) + Ozk,j(dk,j, 5;(,1')
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Equality Constrained Problems

Retrospective Approximation - SQP

Algorithm Retrospective Approximation - SQP Equality Constrained
Inputs: Initial iterate xp,0 and dual variable \g o, termination test parameters {~x} and
{ek}, and sampling parameters a, 3 and 6.

1: for k=10,1,2,... do

2: Choose Sy such that:

2 VL (Xk,0, Mk 2
E |:||VFSk(Xk,0)_Vf(Xk,0)|| |Xk,0] <6 ( ké?xkg)l’Nk_l) H + a7 B
3: Construct the subsampled problem: min,crn Fs, (x) s.t. ¢(x) =0
4: forJ =012,
. VxLs, (Xk, ,>\k, ) VxLs, (Xk,0, Ak,0)

5: H (_kad’ / H SwH é(Xko H-&—ek then

6: Set N, = j, break

7 end if

8: Solve local constrained model for dj ;, dy ;

9: Update merit parameter 7y ;

10: Find step size oy ;

1L Set (Xkj+1 A1) = (Xkyjs M) + @k j(dijs k)

12: end for

13: Set (Xk11,00 Ak41,0) = (X, > Ak, )

14: end for
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Equality Constrained Problems

Complexity of Stochastic SQP methods

Assumption Newton et al. 2024

CLT Scaling: E[G3 ] < \s ; Vk >0, where kg >0

Theorem (Informal)

Under the stated assumptions and approprate parameter selection, one achieves a
solution satisfying,

] g | =

Xk,Nk

with € > 0 in K. = O (log (1)) outer iterations, and
> O(e2) inner iterations (SQP linear system solves, 3K Nj), and
> O(e*) gradient evaluations (Zf;o Ni|Sk])-
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Equality Constrained Problems

Complexity of Stochastic SQP methods

SQP Methods Linear Solves | Sample Gradients
Deterministic (curtis, et al. 2024) O(e2) -
Stochastic (curtis, et al. 2024) O(e?) O(e*)
Adaptive Sampling (Berahas, et al. 2022) O(e7?) O(e 2" ), v > 1
Retrospective Approximation O(e72?) O(e )

Shagun Gupta 16 /34



Equality Constrained Problems

Alternate Termination Criterion (SQP)

» Solver invariant termination criterion:

V ﬁsk Xk,j,Ak’j H H V Lsk(XkO,)\kO) H

C(Xk 0 + 5

dl

c(xx,j)
» SQP search direction termination criterion:

T ldicjll < villdicoll + €x
» SQP merit function model:

Tie : Als, (Xejs T die) < Y min{ Als, (X0, Th.0, di.0), Kl diol|*} + €x
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Equality Constrained Problems

Alternate Termination Criterion (SQP)

» Solver invariant termination criterion:

V ﬁsk Xk,j,Akd H H V ﬁsk(xko,)\ko) H

+ €k
c(xk.) c(xk,0) ’

dl

v

SQP search direction termination criterion:

Ti s ldijll < vielldioll + ex

v

SQP merit function model:

Tie : Als, (Xejs T die) < Y min{ Als, (X0, Th.0, di.0), Kl diol|*} + €x

v

Do not mix multiple quantities of different scales

v

Do not require dual variable estimates

v

Require the solution to the SQP subproblem for evaluation
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Equality Constrained Problems

Retrospective Approximation - SQP

Algorithm Retrospective Approximation - SQP Equality Constrained

Inputs: Initial iterate xg,0 and dual variable Ag o, termination test parameters {~} and
{ek}, and sampling parameters a, 8 and 6.

1: for k=0,1,2,... do

2: Choose Sy such that:

E [llvFSk (Xk,0) — Vf(xk’o)Hz |Xk,o] < gi Hdﬂ:ée

2 4 aZBZk

3: Construct the subsampled problem: min,cgn Fs, (x) s.t. ¢(x) =0
4: forj=0,1,2, .. do

5: Solve local constrained model for dj ;, dy ;

6: Update merit parameter 7 ;

7 if Tk o lldijll < vklldkoll + ek then

8: Set N, = j, break

9: end if

10: Find step size oy ;

1L Set (Xkj+1 A1) = (kyjs Akj) + @ j(dijs k)
12: end for
13: Set (Xk11,00 Ak+1,0) = (X, > Ak, )
14: end for
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Equality Constrained Problems

Numerical Experiments

Termination Test:
Tkt Zkj < Vi + €k

Adaptive Sampling: 5,1 i.i.d. samples, independent of Sy_1, |Sk_1| = |Sk_1]

. Var, .z (VF(xk,0,8)|%,0)
|5k| = min {5|5k71|7 max{|5k71|, ’V £E€5_1 77 -‘ }}

> Algorithm to solve linear systems: MINRES
» Parameters: § = 0.5, e, = 107° and 7, = v

— Merit function model condition, v = 0.1
— Step size norm condition, v = 0.5
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Equality Constrained Problems

Multi Class Logistic Regression - Equality Regularization

.1
)EE]IIS’E Z Ztl0g<1+exp( Tx)>

(y,t)eSiek
st |[X[P=1 Viek

10° 10°
£ =
8 2 Il 8 2o .f‘
z 1072 < = 1072 <
s 3 T X
= g = g
1074 = 1074 =
10-° 10764 '
0 2 4 0.0 0.5 1.0 1.5 0.0 0.5 1.0 15
1e6 1e6 1e3 1e3
Gradient Evaluations Gradient Evaluations MINRES Iterations MINRES lIterations

—e— SQP 4 S-SQP = AS-SQP —%— RA-SQP |d| —— RA-SQPA/  —+— RA-SQP Al Inexact

Figure: mnist (nf = 781, |K| = 10, |S| = 60,000, n = n¢|K])




Equality Constrained Problems

CUTEst problem set

>

S2MPJ CUTEst problem set (Gratton et al. 2024)

F(x,€) = f(x) + &llx — Xinie — en|?

& is a uniformly distributed random variable in [—0.1,0.1]
;‘2;’1{1 E[F(x,&)] s.t.c(x)=0

vy

v

Total 88 problems selected that:

1. Have only equality constraints and non constant objective function
2. m+ n < 1000
3. Satisfy constraint qualification

v

10 seed runs per problem, each with a budget of 10° gradient evaluations
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Equality Constrained Problems

CUTEst problem set

v

S2MPJ CUTEst problem set (Gratton et al. 2024)

F(x,€) = f(x) + &||x — Xinit — €nl|?

& is a uniformly distributed random variable in [—0.1,0.1]
)pg]ier E[F(x,8)] s.t.c(x)=0

vy

v

Total 88 problems selected that:

1. Have only equality constraints and non constant objective function
2. m+ n < 1000
3. Satisfy constraint qualification

» 10 seed runs per problem, each with a budget of 10° gradient evaluations

Solutions of €, accuracy
Feasible Solution: || c(Xout)|loo < €tor max{1, ||c(Xinit)||co }
HVXL(XOUN )‘:ut)HOO < €tol max{la HVX‘C(Xinih )\;it)”oo}

Stationary Solution:
l|€(Xout)lloo < €tor max{1, || c(xinit) || oo }

Shagun Gupta 21/34



Equality Constrained Problems

CUTEst problem set

=
g
-
=)

o
o
o
o

o
o

|

o
IS
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o
N
o
N

Problems solved for feasibility
y
»
L
Problems solved for stationarity

o
)

500 1000 1500 2000 0.0 100 200 300 400 500

Performance Ratio Gradient Evaluations Performance Ratio Gradient Evaluations
—A— S-SQP ~&— RA-SQP A/ —®— RA-SQP A/ L-BFGS
—m— AS-SQP —+— RA-SQP Al Inexact —%— RA-SQP Al Inexact L-BFGS

Figure: CUTEst performance profile equality constraints (e = 1071)
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Equality Constrained Problems

CUTEst problem set
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Figure: CUTEst performance profile equality constraints (e = 1073)
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Inequality Constrained Problems

Constrained Optimization

in
xnglllg" (X)
s.t.ce(x) =0
C/(X) <0

> L(x, e, A1) = F(x) + A ce(x) + A ci(x) where \e € R™ and \; € R™
> x™ is a stationary point if there exist A\f and Aj > 0 such that,
Lagrangian Gradient: V,L(x",A£,\/) =0
Feasible: ce(x*)=0 and ¢(x")<0
Complimentary Slackness: A\j ® ¢/(x") =0
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Inequality Constrained Problems

Constrained Optimization

in £
i 79
s.t.ce(x) =0
C/(X) <0

> L(x, e, A1) = F(x) + A ce(x) + A ci(x) where \e € R™ and \; € R™
> x™ is a stationary point if there exist A\f and Aj > 0 such that,
Lagrangian Gradient: V,L(x", A\, \[) =0
Feasible: cg(x*)=0 and ¢ (x*) <0
Complimentary Slackness: A/ © ¢/(x") =0

» Combinatorial nature of constraints J

Shagun Gupta 22/34



Inequality Constrained Problems

Retrospective Approximation

Algorithm Retrospective Approximation

Inputs: Initial iterate xg o, batch sizes {|Sk|}, termination tests {7 }.
1: for k=0,1,2,... do

2: Construct the subsampled problem: min,cgn Fs, (x) s.t. ce(x) = 0,¢/(x) <0
3: forj=0,1,2, .., do

4: if Ty is satisfied; Ny = j, break

5: Update X j11

6: end for

7 Set Xk+1,0 = Xk, N

8: end for

Questions to be addressed:
» Batch Size sequence {|Sk|}
» Termination Criterion sequence {7k}

» Deterministic Solver
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Inequality Constrained Problems

Extending Equality Constrained Framework

ViLs, (X js AE, A1)

H VXESk(Xk,'J.7)\kaj) H = [;I:Ef(:j)j])-y
c(Xk) A © cr(xi )
[—)‘I]+

» Scaling issues
— Multiple errors combined due to the presence of inequality constraints
» Dual variable availability for the subsampled problem

— Requires solving a Linear Program if not updated by deterministic solver
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Inequality Constrained Problems

Extending Equality Constrained Framework

ViLs, (X js AE, A1)

ce(Xk,j)
H VL, (57, M) H . [c,fxﬁh
c(xk) A © cr(xi )
[—)‘I]+

» Scaling issues
— Multiple errors combined due to the presence of inequality constraints
» Dual variable availability for the subsampled problem

— Requires solving a Linear Program if not updated by deterministic solver

» We focus on a specific solver for inequality constraints - SQP )
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Inequality Constrained Problems

Inequality Constrained SQP

m]ilg Fsk(X) s.t. CE(X) =0, C[(X) <0
x€R"?

Local constrained model at xy j:

.1
min §dkT,j Hijdk; + dijV Fs, (xc)

dk,je
s.t. CE(X/(,_,') + VC,Z-—(Xk,j)dkyj =0
a(x)) + Ve (xij)di; <0
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Inequality Constrained Problems

Inequality Constrained SQP

m]ilg Fsk(X) s.t. CE(X) =0, C[(X) <0
x€R"?

Local constrained model at xy j:

.1
min §dkT,j Hijdk; + dijV Fs, (xc)

dy ;€
s.t. ce(xuj) + Vel (xij)di; =0
(i) + Ve (xks)dij <0
1. Feasibility of the local model:

— Not guaranteed under any constraint qualification (Nocedal et al. 1909)
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Inequality Constrained Problems

Inequality Constrained SQP

m]llg Fs.(x) s.t.ce(x) =0, ¢(x)<0
xeR"

Local constrained model at xk,j:

wlly o dkT,ij,jko + dijV Fs, (xk.5)

i j€
s.t. ce(xkj) + Vi (xk))dk; =0
a(xky) + Ve (xuj)di; <0
1. Feasibility of the local model:
— Not guaranteed under any constraint qualification (Nocedal et al. 1909)

2. Feasibility of the true problem'

min > etz + 2 ||[c/(x)l+!|

— A stationary point to constraint vnolatlon minimization may not be
feasible
— Infeasible Stationary Points
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Inequality Constrained Problems

RObUSt SQP Burke et al. 1989

m]iRn Fs,(x) s.t.ce(x) =0, ¢(x) <0
xeR"

At iterate Xy j
ce(x,g) + Ve () pr,j
[e1(xk) + Ver () pi]

s.t. norm(px,j) < op

rc; = min norm
LS b n
Feasibility: P jER
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Inequality Constrained Problems

RObUSt SQP Burke et al. 1989

m]iRn Fs,(x) s.t.ce(x) =0, ¢(x) <0
xeR"

At iterate Xy j
ce(x,g) + Ve () pr,j
[e1(xk) + Ver () pi]

s.t. norm(px,j) < op

rc; = min norm
LS b n
Feasibility: P jER

.1
min - Ed’Iijvfdkvj ¢ dlz,—jVFSk (Xkyj)

dy;ER

Optimality: ce(xkj) + Vee(xk,) " dij ) s
— 5J

.t.
s-t.norm ( [cr(xk,j) + VCI(Xk,j)Tdk7j]+

norm(dk,j) S Od
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Inequality Constrained Problems

RObUSt SQP Burke et al. 1989

m]iRn Fs,(x) s.t.ce(x) =0, ¢(x) <0
xeR"

At iterate Xy j
ce(x,g) + Ve () pr,j
[e1(xk) + Ver () pi]

s.t. norm(px,j) < op

rc; = min norm
LS b n
Feasibility: P jER

.1
min - Ed’Iijvl'ko ¢ dlz,—jVFSk (Xk,j)

dy;ER

Optimality: ce(xkj) + Vee(xk;) dij ) <
< Tk

.t.
s-t.norm ( [cr(xk,j) + VCI(Xk,j)Tdk7j]+

norm(dk,j) S Od

> If prj =0 and x; is infeasible, xi ; is an infeasible stationary point J

» If dij =0, xxj is a stationary point
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Inequality Constrained Problems

Termination Criterion and Sampling Condition

Termination Criterion
In outer iteration k > 0, the inner loop is terminated when,

T ldijll < i lldioll + e,
where v, € [0,1) and ¢, > 0.
Adaptive Sampling Condition
In outer iteration k > 0, the sample set S is chosen large enough such that,
E [||VFs, (x0) — VF(xc0)lIP] < 62 ||die||® + 8%,

where 0 € [0,1), 8 €[0,1) and a > 0.
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Inequality Constrained Problems

Retrospective Approximation - Robust SQP

Algorithm Retrospective Approximation - Robust SQP

Inputs: Initial iterate xp,0 and dual variable \g o, termination test parameters {vx} and
{ek}, and sampling parameters a, § and 6.

1: for k=10,1,2,... do

2: Choose Sy such that:

E |:HVF5;((Xk,0) - Vf(xk,0)||2:| S 9% Hdlz?(l)e

2 + 32ﬁ2k

3 Construct the subsampled problem: min,cpn Fs, (x) s.t. ce(x) =0,¢/(x) <0
4 forj=0,1,2, .., do

5: Solve feasability problem for py ;

6: if pij =0 and xy; is infeasible then

7: return x ; as infeasible stationary point

8 end if

9: Solve optimality problem for dj ;

10: if Tt lldkjll < vklldkoll + e then

11: Set N, = j, break

12: end if

13: Update merit parameter 7 ; and find step size oy j
14: Set Xk j+1 = Xk,j + ak’jdk’j
15: end for
16: Set Xk+1,0 = Xk, N

17: end for
Shagun Gupta 28/34




Inequality Constrained Problems

Analysis Inequality Constrained Problems

Assumptions
Let x be an closed bounded convex set containing all the iterates.

1. The extended MFCQ (Mangasarian-Fromovitz constraint qualification) hold
Vx € x, i.e.,

— rank(Vcg(x)) = mg,
— there exists u € R" such that:

Vee(x)"u=0 and [Ve(x)iu>0 Vie{i:[cq(x)];>0}

2. pnly 2 {Hkj} < kuls is a sequence of positive definite matrices
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Analysis Inequality Constrained Problems

Assumptions
Let x be an closed bounded convex set containing all the iterates.

1. The extended MFCQ (Mangasarian-Fromovitz constraint qualification) hold
Vx € x, i.e.,

— rank(Vcg(x)) = mg,
— there exists u € R" such that:

Vee(x)"u=0 and [Ve(x)iu>0 Vie{i:[cq(x)];>0}
2. pnly 2 {Hkj} < kuls is a sequence of positive definite matrices
Theorem (Informal)

Under the stated assumptions and appropriate parameter selection, the
E [|ldi"% |I] — O at a linear rate across outer iterations.
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Inequality Constrained Problems

Analysis Inequality Constrained Problems

Assumptions
Let x be an closed bounded convex set containing all the iterates.

1. The extended MFCQ (Mangasarian-Fromovitz constraint qualification) hold
Vx € x, i.e.,

— rank(Vcg(x)) = mg,
— there exists u € R" such that:

Vee(x)"u=0 and [Ve(x)iu>0 Vie{i:[cq(x)];>0}
2. pnly 2 {Hkj} < kuls is a sequence of positive definite matrices
Theorem (Informal)

Under the stated assumptions and appropriate parameter selection, the
E [|ldi"% |I] — O at a linear rate across outer iterations.

> E[||di"% |I] — 0 does not necessarily imply convergence to a stationary point

> Only di, =0 confirms that x w, is a stationary point
Curtis et al. 2023; Qiu et al. 2023, ...
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Inequality Constrained Problems

Numerical Experiments

Termination Test:
Tic : |1l < vk [l dioll + ex

Adaptive Sampling: 5,1 i.i.d. samples, independent of Sy_1, |Sk_1| = |Sk_1]

. Varg s (VF(x,0:€)%,0)
|Sk| = min {|S|,5|5k71|;max{|5k71|» " = 1923}3’0 -‘}}
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Inequality Constrained Problems

Numerical Experiments

Termination Test:
Tic : |1l < vk [l dioll + ex

Adaptive Sampling: 5,1 i.i.d. samples, independent of Sy_1, |Sk_1| = |Sk_1]

. Varg s (VF(x,0:€)%,0)
|Sk| = min {|S|,5|5k71|;max{|5k71|7 " = 1925}3’0 -‘}}

Iso and /1 norm based robust-SQP subproblems

Solver for Quadratic and Linear Programs: GUROBI (Barrier Method)
Parameters: §# = 0.5, ¢, =107 % and 74 =7 =0.5

Stationarity Metric:

KKT(x) = max {[|VxL(x, Ag, Mr)lloos A1 © i1 (x)[loc }

min
AgERTE X €R™M ;>0
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Inequality Constrained Problems

Multi Class Logistic Regression - Inequality Regularization

1 ; 1
min 5 2 s (1o

(v,t)eS i€K

st [X[P<1 Viek

10* 10t
£1071 S ~£107! E
+ ] ¥ 3
= [ = 2
X 4 X 4
21073 g 21073 g
™ ¥4
107%; 10-%2 %\A
0 1 2 3 0 1 2
1e6 1e6 1le3 1
Gradient Evaluations Gradient Evaluations Barrier Iterations Barrier Iterations

—e— Robust-SQP-/, —4— Robust-SQP-/; —=— S-SQP —#— Robust-S-SQP —— RA-SQP-/., —+— RA-SQP-/;

Figure: mnist (nf = 781, |K| = 10, |S| = 60,000, n = n¢|K])
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Inequality Constrained Problems

CUTEst problem set

>

S2MPJ CUTEst problem set (Gratton et al. 2024)

F(x,€) = (x) + Ellx = xinic — enl|?

& is a uniformly distributed random variable in [-0.1,0.1]
)EE]iRr)’ E[F(x,&)] s.t.ce(x)=0, g(x) <0

Total 248 problems selected that:

vy

v

1. Have alteast one inequality (not bound constraints) constraint and
non constant objective function

2. mg+ m; + n < 2000

3. Satisfy constraint qualification

v

10 seed runs per problem, each with a budget of 10° gradient evaluations
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Inequality Constrained Problems

CUTEst problem set

>

S2MPJ CUTEst problem set (Gratton et al. 2024)

F(x,6) = f(x) + &llx — Xinie — enl®

& is a uniformly distributed random variable in [-0.1,0.1]
)EE]iRr)’ E[F(x,&)] s.t.ce(x)=0, g(x) <0

Total 248 problems selected that:

vy

v

1. Have alteast one inequality (not bound constraints) constraint and
non constant objective function

2. mg+ m; + n < 2000

3. Satisfy constraint qualification

» 10 seed runs per problem, each with a budget of 10° gradient evaluations

Solutions of €, accuracy
CE(Xout) CE(Xinit)

[er (Xout)]+ [er (xinie)]+ ||

Stationary Solution:  KKT (Xout) < €ror max {1, KKT (Xinit) }

A stationary solution must also be a feasible solution

Shagun Gupta 32/34
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Feasible Solution: ‘
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Inequality Constrained Problems

CUTEst problem set

LO=¢¥ oF > *E 10
> z . g e
Z08 ©0.8
@ o
8 g
o 2
S 0.6 :§ 0.6
el
9 el
2 g
20.4 504
g 5
20.2 50.2
et o
o T
0.0 50 100 150 200 0.0 100 200 300 400 500
Performance Ratio Gradient Evaluations Performance Ratio Gradient Evaluations

—#- S-SQP  —%— Robust-S-SQP  —4— RA-SQP-/, —+— RA-SQP-I;

Figure: CUTEst performance profile inequality constraints (e, = 1071)
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Inequality Constrained Problems

CUTEst problem set
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Figure: CUTEst performance profile inequality constraints (e, = 1073)
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Final Remarks

min (x) = B[F(x.€)]

s.t.ce(x) =0
a(x) <0

1. Proposed a framework for equality constrained stochastic optimization
problems that can employ any deterministic solve

2. Proposed a variant of the framework for equality constraints that uses
the deterministic SQP method

3. Proposed an algorithm for stochastic problems with general nonlinear
constraints using the Robust SQP method

4. lllustrated the benefits of the proposed methods with numerical
experiments

Manuscript available at: https://arxiv.org/pdf/2505.19382
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Thank Youl
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Infeasiable SQP problems

Infeasible stationary points (Burke et al. 1989):

<0

X

a(x) = [xz + 1]

Infeasiable Subproblem:

ai(x) = [Xlzj;f 22} = {—25.05}

At (x1,x2) = (1.9,0):

<0= dy <0.0134

X+ X3 —5+2xadi +2xd2|  [-0.0134 + dy
B - d1 Z 0.15

—x1 +2.05 —di 0.15 — d;

Shagun Gupta 1/10



SQP Equality subproblem inexactness conditions

Inexactness condition I:

Als, (Xkj> Th,j—15 dij) 2> €0 (1 — €feas) max{||cijll1, Il — llewll1}
+ €0 (1 = €eas) T j—1 max{d( ;Hijdk j, €al|di jl*},
Peil |l < sy min Vi Ls, (Xk.js Aij) el b
F.j c(xk.j)
and ol < &" max{[[Jkll, llgs, o)l }

Inexactness condition Il:

lrejll < efeasllewill  and [kl < €optllcr,ills
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Merit Parameter Update

Als, (X Thojs di.j) = Is, (Xk,jis Tej» 0) — Is, (X Ty di.j)

—7jV Fs (k) T dicj + llcijlln = Il ks + Jiejdijlln

= —1jVFs, (%)) dij + llcjlln — [l

: T T
erial [e%e) ( " ‘ " if VFsk(Xk’j) dij + max{dkyij’jko, 0} <0,
kj — 1—eo)(llex jlla—llrkjlla .
- : - otherwise,
VFs, () T dij+max{d]| Hy jdy ;},0
X if . < trial
Tk,j—1 IT Tkj-1 S Tk,j 5
k.j = i .
(1 — )77 otherwise,
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Adaptive Sampling Derivation:

Var(V F(xk,0,&)|Xk,0) <PZLPP oS> Var(~vF(Xk,07€)|Xk,0)
IS - T 0272+ 32[%

CUTEst problem set

Total number of problems : 1098

Number of unconstrained problems : 248

Number of with only equality problems : 208

Number of with atleast one inequality constraint (not bound constraints) : 278
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CUTEst problem set equality
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Figure: CUTEst performance profile equality constraints (e = 1071)




CUTEst problem set equality
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CUTEst problem set inequality
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CUTEst problem set inequality
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RObUSt SQP Burke et al. 1989

Using I norm at iterate xy ;:

yem ¥
px,jER"
- s.t. ce(xij) + Vg (Xej)Phj > —Yeme
Feasibility: =
ce(xk,j) + Ve (Xk,j)Pr,j < Yeme
c1(xkj) + Vi (x)Prj < Yem,
¥ 20, |lpjlls < 0op
1 7 T
i, 3 ko Hiidhes + dioj Vs, (xics)
s.t. CE(Xk,j) + VCE(X/(J)C/;(,J' > —Yemg
Optimality:

ce(Xuj) + V£ (%) dij < Yemg
(i) + Ve (k) dij < yem,
lldkjlloc < od
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RObUSt SQP Burke et al. 1989

Using 1 norm at iterate xy ;:

min el —|—eT
yE€ERTE, me V& i Y1
y1ER™,

Pi,jER"

s.t. ce(xiy) + Vg (xiy)prj > —ye
ce(xkj) + V£ (xj)Prj < ye
(%) + Ve ()P < yi
ye > 0,y1 >0, |lpxjlli < op,

Feasibility:

. 1
min EdlZ:ij,jdk,j + d;Z:jVFsk (Xk,j)

di jERN
s.it. ce(xn)) + Ved (xij)dij > —ye
ce(xuj) + Vg (xj)dj < ye
a(xkj) + Ve (xej)di; < yi

lldkjllz < od,

Optimality:

Shagun Gupta



Multi Class Logistic Regression - Equality Regularization

.1 1
Iglllgﬁ Z Ztl0g<1+exp( Tx)>

(y,t)eSiek
st |[X[P=1 Viek
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Figure: mnist (nf = 781, |K| = 10, |S| = 60,000, n = n¢|K])
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Equality Constrained Framework Complexity

Assumptions

Let x be an open convex set containing all the iterates.
2
1. CLT Scaling: E [G5 ] < Gﬁ Vk > 0, where k¢ > 0.

2. Variance Lower Bound: Var (VF(xk0,&)|xk,0) > kZr2 Yk > 0, where
Ko > 0.

Theorem (Informal)

[Skl

where w > 0, and 0 is chosen such that [fy +0 (w + (E%:g) + fy)] < 1, then

E Vo L( Xk, s Ak, Ny )
(i, )

Under the stated assumptions, if 0 <y <y <1land 4 =w

} — 0 at a linear rate across outer iterations.
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Equality Constrained Framework Complexity

Assumption

The inner loop converges at a sublinear rate, i.e., a solution satisfying
H Vi Ls, (X, s Ak, )

< € with € > 0 is achieved in O(e™2) inner iterations.
c(x,n)

Theorem (Informal)

Under the stated assumptions and parameter selection, one achieves a solution
satisfying,

o]~ )=

Xk,Nk

with € > 0 in K. = O (log (1)) outer iterations, and
> O(e2) inner iterations (deterministic solver iterations, "5 Ni), and

> O(e*) gradient evaluations ( f;o Ni|Sk])-
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Analysis Inequality Constrained Problems

Assumptions
Let x be an closed bounded convex set containing all the iterates.

1. The extended MFCQ (Mangasarian-Fromovitz constraint qualification) hold
Vx € x, i.e.,
— rank(Vce(x)) = mg,
— Ju € R" such that:

Vee(x)"u=0 and [Ve(x)iu>0 Vie{i:[q(x)];>0}

2. puln 2 {Hkj} = knly is a sequence of positive definite matrices

Theorem (Informal)

Var(VF(xk,0)l Fi)
[Skl

w > 0 and 6 is chosen such that [fy + 6 (w + u;l (w +’y)>:| < 1, then

Ko

Under the stated assumptions, if 0 < {1} <v <1, ek =w where

E [||di"% |I] — O at a linear rate across outer iterations.
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